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Abstract

In this paper we prove an extended version of a conjecture of J. Sally. Let (4,.#) be a
Cohen—Macaulay local ring of dimension d, multiplicity e and embedding codimension A. If the
initial degree of A is bigger than or equal to ¢ and e = (H;—l) +1, we prove that the depth of the
associated graded ring of A is at least d — | and the A-vector of 4 has no negative components.
The conjecture of Sally was dealing with the case =2 and was proved by these authors in a
previous paper. Some new formulas relating certain numerical characters of a two-dimensional

Cohen-Macaulay local ring are also given. ©) 1997 Published by Elsevier Science B.V.

1991 Math. Subj. Class.: 14M05, 13D99

0. Introduction

Let (A4,.#) be a local Cohen—Macaulay ring of dimension d, embedding dimension
N and multiplicity e. By a classical result of Abhyankar (see [1]), we have e >
N —d + 1 and if equality holds, the structure of the associated graded ring G :=
D, oA n/.4""Y is well understood and G itself is Cohen—Macaulay (see [10]). In
the case e = N —d+2, J. Sally proved in [12] that G is not necessarily Cohen—Macaulay,
the exceptions being the Cohen—Macaulay local rings of maximal type e — 2. The main
open question there was about the possible depths of G and in fact Sally made the
conjecture that depth(G) > d — 1 and gave strong evidence for this to be true.

In [9] we proved this conjecture and also described all the possible Hilbert functions
of 4.
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But very often we know that a given algebraic variety does not lie on a quadric or
more generally does not lie on any hypersurface of degree less than a certain integer ¢.
In this case the bound given by Abhyankar is no more sharp, and in [4] the right
bound, involving the initial degree ¢, is given and the extremal case is studied. It turns
out that if we let h:= N —d, then e > (h+'_l) and, if equality holds, 4 has maximal

h
Hilbert function and G is Cohen—Macaulay. If instead we have e = (h+'_1) + 1, then

G 1s not necessarily Cohen—Macaulay (see the examples at the end (};f the paper),
the possible exceptions being again the Cohen—Macaulay local rings of maximal type
("*'7%) (see [8, Theorem 3.10]).

In Section 3 we prove that, also in this more general setting, depth(G) > d — 1 and
describe all the possible Hilbert functions of 4. This gives a complete solution to the
extended version of Sally’s conjecture we refer in the title. We discussed this problem
in [2] where the guess was formulated.

To us, one of the more interesting aspects of our proof concerns what our methods
show about the relationship between certain numerical characters of a Cohen—Macaulay
local ring of dimension two, a topic to which Section 2 is devoted.

1. Preliminaries

Let (4,.#) be a local ring of dimension d, multiplicity e and residue field k =A/.#.
The Hilbert function of 4 is by definition the Hilbert function of the associated graded
ring of 4 which is the homogeneous k-algebra

G = gry(4)=P.a"j. 4"
n>0
Hence,
Hy(n) = Hg(n) = dimy (M "] A",
The generating function of this numerical function is the power series
Bi(z)=)_ Hi(n)z"
neN

which is called the Hilbert Series of A. This series is rational and there exists a
polynomial A(z) € Z[z] such that

h(z)
(1-2)%
where h(1)=e>1.
The polynomial A(z)=ho + b1z + - - - + hsz° is called the A-polynomial of 4 and the
vector (hg, hy,...,hs) the h-vector of A.
For every i > 0, we let
. h(i)(l)

€; :

B(z)=

i!
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and

(X+i> X +DX+D
i o i '

Then
ey —¢€
and the polynomial

d-1 X ad i
Pa¥) :zZ(—l)’e[( vaon )
=0

i=

has rational coefficients and degree d — 1; further for every n > 0
pa(n) = Hy(n).

The polynomial p4(X) is called the Hilbert polynomial of 4.
The embedding codimension of A4 is the integer

h = embcod(4) := Hy(1) —d.
It is clear that 4 = hy, the coefficient of z in the A-polynomial of A. Further embcod(4)

=0 if and only if 4 is a regular local ring.
We denote by indeg(A) the initial degree of 4 which is the integer defined as

ina’eg(A): min {]['IA(]) < (['IA(l)—‘]"‘]_ 1)}

If a is an element in .#, a¢ .#?, then Hy(1) = Hya(1) + 1 and we may write
M =(ay,...,a,) where a=a; and n=H,(1). Then the associated graded ring of A
can be presented as

G=k[X,.... %)/,

where / is the homogeneous ideal generated by the forms F of degree i such that
F(ay,...,ay) € H'"",

If indeg(4) > t, then I; =0 for every j < t— 1 and we claim that
M a= M Ni=0.. .t 1. (1)

Since #%:a = #, this is clear if + < 2; if ¢ > 3, we may assume, by contradiction, that
M a=M"""and 4+ :a# M for some i,2 <i<t—1. Letb ¢ .#" be an element
such that ab€ .# "1, Then b€ #'~! so that b=F(a,...,a,) where F € k[X),...,X,]
is a form of degree i — 1. It follows that

aF(ai,...,a)=abc H#"™,

hence 0# X, F € I;, which is a contradiction. This proves the claim.
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Now we recall a classical result of Singh [13] which asserts that for every a € .#
and for every i > 0

Hy(i)=">_ Hyaa(j) — MM ™" 2af "),
j=0

where A(M) denotes the length of an 4-module M.
Using this equality and (1), we easily get that for every ac.#, ag .#*

indeg(AjaA) > indeg(A). 2)

We recall that if 4 has positive dimension, an element x in .# is called superficial
for A if there exists an integer ¢ > 0 such that

(A" x)N M= "

for every n > c.

It is easy to see that a superficial element x is not in .#2 and that x is superficial
for 4 if and only if x* := X € .#/.4? does not belong to the relevant associated primes
of G. Hence, if the residue field is infinite, superficial elements always exist.

Further if 4 has positive depth, every superficial element is also a regular element
in 4.

A sequence xi,...,x, in the local ring (4,.#) is called a superficial sequence for 4,
if x; is superficial for 4 and ¥; is superficial for 4/(x,...,x;i—1) for 2 <i <r.

By passing, if needed, to the local ring 4[X .« x) we may assume that the residue
field is infinite. Hence if depth(4) > r, every superficial sequence xi,...,x, is also a
regular sequence in 4. Such a sequence has the right properties for a good behaviour
of the numerical invariants under reduction modulo the ideal it generates.

In particular if J =(xi,...,x,), and (B, A")=(A/J, #/J), then B is a local ring with
dim(B)y=d —r,

If depth(A) > r, then depth(B)=depth(A) —r,

embcod(A) = embcod(B),

indeg(B) > indeg(A),

ei(Ad)=e;i(B) for i=0,....,d —r.

The following relevant properties of superficial sequences will also be needed.

o depth(gry(A))>r < x],...,x7 is a regular sequence in grg(d) & FE(z)=

Pe(2)/(1 —zY & #/NT=JM/" for every j > 1.

o depth(grg(4)) > r + 1 & depth(grv(B)) 2> 1.

This last property is the so-called Sally’s machine which is a very important trick
to reduce dimension in questions relating to depth properties of gr.4(4). Sally proved
this result in the case » =d — 1 in [11]; a complete and nice proof of the general case
can be found in Lemma 2.2 of [5].
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2. Two dimensional Cohen—Macaulay local rings

In this section we collect some results which relate certain numerical invariants of
a Cohen—-Macaulay local ring of dimension two.

We first recall that in the case 4 is a one-dimensional Cohen—Macaulay local ring
and x a superficial element, from the diagram

A D . D!
U U U
xA D x M) = xM’

we get
Ha(j) = a7 [x A7) = A [t 7).
But A(4/xA)=e and A/.#’ ~ xA/x.#’ so that for every j > 0
Hl(jY=e — MMV xM7). (3)

If we let g; := A(A/t! xM7), we have 6y=e — Hy(0)=e — 1, and if s is the degree
of the A-polynomial of 4, then g; =0 for every j > s and

14 (60— 01)z+ (01 — 02z 4+ + (052 — 05-1)z" " + 052°
11—z ’

Fy(z)=
This clearly implies
s—1
e=2 9
j=0
and
s—1
€y = Z](Tj

J=1

Similar formulas can be found in the two-dimensional case. We need new numerical
invariants which have been introduced by Huneke in [6]. Since we are assuming 4 to
be Cohen-Macaulay, we can find in .# a superficial sequence x, y and we let J =(x, )
be the ideal they generate. The main point in Huneke’s result is the fact that if .# 2 2
are ideals in 4 then we have a short exact sequence:

0— J:J/P:J - (F|PY - JFJP — 0. 4)
For every integer n > 1 we let
Un = AT TMY — XM T M
and for n=0 we let

v :=e— 1.
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By using (4), Huneke proved that for every n > 1
Hy(n) — Hy(n — 1) =e — v,. (5)

Let s be the degree of the h-polynomial of 4; since the A-polynomial of a two-
dimensional local ring is the second difference of its Hilbert function, we must have
v; =0 for every j > s and

14 (v —v1)z+ (0 —02)z% + -+ + (U5—p — V5-1)2° + vg_12°

Bi(2)= oy
This gives
s—1
=3 v (6)
j=0
and

s—1

€ = Zjvj. (7)

j=1

Unfortunately the integers v; can be negative; however, the following construction
due to Ratliff and Rush (see [7]), gives a way to overcome the problem.

Let (4,.#) be a Cohen—Macaulay local ring. For every » we consider the chain of
ideals

./ﬂ"g(/ﬂ"-HZ.ﬂg.ﬂ"+22ﬂzg--~gﬂ"+klﬂk§---
This chain stabilizes at an ideal which was denoted by Ratliff and Rush as

M= U(ﬂ"”‘ M.

k>1
We have
M= M,

and for every i, j

MM MMM
Further, if x is superficial for A4,

for every n > 0.
We define for every n > 0

P 1= A M T AT,
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For example, we have
po=e—1.

We will make use of the fact that the usual Rees algebra %#(.#) is a subalgebra of
the Rees algebra associated to the Ratliff—Rush filtration, namely

.t g@%r’.

n>0 n>0

This implies that @, %/J/l " has a canonical structure as a graded module over
R(M). -

It is thus natural to introduce a new set of numerical invariants, namely to let for
every n > 0

an = MMM,
In particular, we have
aog=4a)— 0.

The following proposition clarifies the relationship between all these integers.

Proposition 2.1. Let (A, .#) be a two-dimensional Cohen—Macaulay local ring. For
every n > 1, we have

Pn+2a=ay,_1 + any1 + Up.
Proof. By letting .¢ =_#" and P=M" in (4), we get for every n > 1,
Qan = MM T M T+ AT AT,
Since
%g%d;%:x:%;ﬂ"d;ﬂ"”,
we get
MI M T =2a, — ayy + MM T M"Y,

On the other hand, by the diagram

M D T
U U
MY S g

we get

On + MT MM =ans + MM TH).
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It follows that
Pn+2an — Gy + MM" T M Y=y + A M T,
hence

Pnt2an=0ay 1+ any) + V. O

As a trivial application of this formula we get a way to write e; and e; as sums of
non-negative integers.

It is clear that there exists an integer » such that a, =0 for » > r. By the proposi-
tion this implies p, =v, for every n>r + 1 and further, by some easy computation,

Siobi= 2 -op and 377, joj=37_, jp;. By using (6) and (7) we get
a=) p (8)
Jj20
and
=Y _jp. 9)
Jjz1
These formulas have been proved in [5, Corollary 4.13] by using a deeper homo-

logical approach.
From the above proposition, since ag =a; =0, we get p; =a, + v; and by induction

n—1
an= (n—j)p—v) Yn=2. (10)
=1

In the following we need to control the behaviour of the integers p; and v; for
i=0,...,indeg(4) — 1.

Proposition 2.2. Let (4, #) be a two-dimensional Cohen—Macaulay local ring with
indeg(A4) > t. For every n=0,...,t — 1 we have

o M NI =JM".

o v, = i(ﬂ"*%).

o pp— Op= MMV T M+ M.
Proof. Let ax+by € .#"+! with a, b€ A. Then by € .4 "' +(x) hence by (1) be 4"+

(x). Thus, we can write b =cx+d with d € .4". Hence, we get cytac M x=4"
and a= —cy + e with ec . #". It follows

ax+by=ex+dycJd".

This proves the first assertion.
As for the second one, we remark that for every j=0,...,f — 1, we have by (1)
Mt x =47, so that for every n=1,...,¢

MTNC M T M x= "
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This implies
M T =M

and v, = A"
Finally, we have

——

JAMCI M+ A Tl
hence

M T M+ MY = p, — I MO+ M T
= pp— MMM O M.

Since
JAM"CI MO MTC ™ NI =T,

we get JAH"=J "0 A" and the conclusion follows. [

3. The main theorem
In this section we give a proof of an extended version of a conjecture of J. Sally.

Theorem 3.1. Let (A4,.#) be a d-dimensional Cohen-Macaulay local ring and t an
integer, t > 2. The following conditions are equivalent:

o indeg(4) > t and e= (""17") + 1.

o There exists an integer s, 1 < s < (h+;_1), such that

Tiz ()t
(1—2z)

Pi(z)=

If either of the above conditions holds, then depth(G)>d — 1 and G is Cohen—
Macaulay if and only if s=1t.

We start by proving this in the one-dimensional case. First we need a couple of easy
results which will be used also later.

Lemma 3.2, Let 4 be a ring, I and K ideals in A. If t>2 is an integer such that
K CI' and MI'/K)=1, then either I''' =IK or I' =K + (a') for some acl.

Proof. Let I =(ay,...,a,); if a;/' "' CK for every i=1,...,r, then I' CK, a contra-
diction. Hence let g := @, and al'~' ¢ K. If I'*! # K, we claim that af ¢ K, which
gives the conclusion. To prove the claim we show that if with 2<;j<t we have
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a/I'™/ CK then a/~'I' /"1 CK. Let us assume by contradiction that a/~'b¢K for
some b€ I'~/T!; then I' =K 4 (a/~'b) so that

I'""=IK +a/7'"0I CIK + al' =IK + aK + (a’b) CIK + o'I' 7+ CIK.

The conclusion follows. [J

Since in the following A is Cohen~Macauiay, we can find a maximal superficial
sequence in 4 and we denote as usual by J the ideal it generates.

Proposition 3.3. Let (4,.#) be a local Cohen—Macaulay ring of dimension one or
two such that indeg(A)>1>2 and e = (h+fl’l) + 1. The following conditions hold:

1.
2.
3.

4.
5.

vy =AM Ty = 1.

MITECIM for every j>t— 1.

Either M =JAM" or there exists w € 4 such that M7+ =JM7 + (w/*") for
every j>t — 1.

MAMITIMIY< ] for every j>t — 1.

v =MMTT M)y =e — (hjj) for every j=0,...,t -2,

Proof. If d =1, since indeg(A4) >t we have

e—1=<h+2_1> =H(t—1).

Hence, by (3), we get

e—1=Hyt - 1)=e— M xM),

which implies

MM ety =1

as required.
If d =2, by (5) we have

l=e— Hy(t — 1)+ Hy(t —2)=v,_ = A JTAM ™YY = WMV T 0072,

Since by (1) 41 :J C M~ :x =42, we have

MM Ty =1.

This proves 1.
We prove now 2. One has

j{t;/[!%»l +Jﬂt—-l 2,]%‘71

and also, if #' = .#'*' + J4'~", by Nakayama .#’' =J.#'~" against 1. Hence,

,/ﬂH—l g]./”t_l

and the second assertion follows by multiplication by .#.



M.E. Rossi, G. Valla/Journal of Pure and Applied Algebra 122 (1997) 293-311 303

We pass to the third assertion. Since A('/JM'*"1)Y=1, if M # JH', by the
above lemma there exists an element w € .# such that

M= TMT+ (W),
But if j > ¢t and 4/ =JM7" + (w/), we get
M =M WM CTM A w M
= JM + I M (WY = S0+ () C
This proves 3. Since .#/%1/J.#’ are k-vector spaces, the fourth assertion also follows.

We prove now the last assertion. If d=1, since indeg(4)>¢, the formula is a
consequence of (3). If d =2, we need only to apply (5). O

Proposition 3.4. Let (A, .#) be a Cohen—Macaulay local ring of dimension one and
t an integer, t > 2. The following conditions are equivalent:

o indeg (A)>t and e= (""1"") + 1.

o There exists an integer s such that t <s< (

T ()2 47
(1-2) '

h+;~1) and

Pu(z)=

Proof. We need only to prove that the first condition implies the second. Since
indeg(A) > t, we have

.
hz(f):< T’)
J

for every j <t¢— 1. By (3) and 4 in the above proposition, we have for every j > ¢

. . h+1t—1
Hy(j)=e — MMM ety > ( +h )
If we let s be the least integer such that Hy(s)=e= (""1"") + 1, then .#*+' =x.4*, s0
that 4"+ =x.#" and Hy(r)=e for every r > 5. This proves that

s () 420
(1-2) '
By the well-known theorem of Macaulay which characterizes the Hilbert functions
of standard graded algebras, Hy(e — 1)=e so that s < e — 1= ("*17").
This gives the conclusion. [J

Fi(z)=

We come back now to the general case of the theorem. First of all we have s =1 if
and only if the h-vector of A coincides with that of its artinian reduction. Hence, the
last assertion on the Cohen—Macaulayness of G is clear.
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Further if

S (e 2
O

then e= (H;‘l) + 1 and indeg(4)>t. The converse holds easily if d =0, while if
d =1, it follows by the above proposition.
If d>2, we let

B:=A/(x1,...,X4-2)
and
C:=A/(x1,...,xa-1),

where x),...,x4—1 is a superficial sequence in 4. We have dim(C)=1, dim(B)=2,

(h +;l_ 1) +1=e(d)=eB)=e(C)

and by (2)
indeg(C) > indeg(B) > indeg(A4) > t.
Hence, by Proposition 3.4,
S () e
(1-2)

If we can prove that the depth of the associated graded ring of B is positive, then,
by using Sally’s machine, we get depth(G) > 1+ d —2=d — 1. This implies

Pe(z)=

t—1

Pez) 3 (M) 42
(T-z@ 1 (1-2¥
and the conclusion of the theorem follows.

Henceforth, we may assume dim(4)=2 and, by the above remark, we need to prove
that depth(G)> 1. As before, we let J =(x, y) be the ideal generated by a superficial
sequence and R := A/xA.

Since R is now a one-dimensional Cohen—Macaulay local ring with e= (h+;_l) +1
and indeg(R) > t, by Proposition 3.4 and (3), we have

FPi(z)=

t—1 s—1

s—1
a(R)= "= (e—Hi())+ Y _ (e~ Hs()))
j=0 j=0 J=t

¢

—1
h+j h+t

:te—z< ; )+s—t=te+s—t— (h+1)’

j=0

Further, since d =2,

er(d)=e(R)=te+5—1 — <Z:i)
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Proposition 3.5. With the above notation the following conditions hold.
MM IM Y= for every j=t—1,...,s — L.

M x =M for every j=0,...,5 — 1.

v;j=1 for every j=t—1,...,5s — L.

depth(G) > 0. M = L.

Proof. From the proof of Proposition 3.4, we have

1 ifr—1<j<s—1,

MM [x YT (M fx)) = {0 if j>s.

It is easy to see and proved in [9] that for every j > 0 there is an exact sequence
0— M x|l T 0 x) ) = M I — (MY (A fx) — 0.

Thus, if t — 1 <j<s — 1, since A(#/*'/J4/)< 1, the first assertion follows from
the above exact sequence.
The second property follows by (1) if j <t —1. Let j > ¢; since

M xD M TD

by induction on j the first module on the left in the above exact sequence is 0, hence
the second one is zero too since the last two modules share the same length.

The third assertion is now a trivial consequence of the first two.

Finally if depth(G) > 0, then x* is a regular element in G, hence .#**':x=_4#".
Since if j =s the last module in the above exact sequence is zero, we get .#°*! = L.#4".

Conversely, let 45" =J.#°. Since

M= M x DM TD M,

we get by the above exact sequence .#°*! :x = .#°. Since .#/*' =J4 for every j > s,
we can go on and finally prove that

M =4

for every j > 5. Hence, by the second assertion, .#/1! : x=_4/ for every j>0 and
this implies depth(G) > 0, as desired. [

We will need the following result which has been proved in [9] and which is the
crucial point in the proof of the theorem. We do not insert here a proof; we only remark
that, as we said before, @(%/J/{H) is a graded module over the Rees algebra (.4 ).
By using this and the standard trick as in the classical Cayley-Hamilton theorem, one
gets the conclusion.

Proposition 3.6. Let (4, .#) be a local ring, p > 2 an integer and J C .# an ideal
of A. For every integer n=2,..., p suppose we are given ideals

]n:(almn-aav,,n)gf//l"-
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Ler w be an element in 4 such that

wh —CJL+5+ 40,
wh  C JL 4 Jh+ L+ M,

wlhy_t CIP L+ PP h 4+ I + 1+ M7,
wl, CJP'\L+JP -+ T+ M

If we let v:=3"F_, v, then there exists an element o € JA*~" such that for every
n=2,...,pandi=1,...,v,

w'ay, = oa;,, mod AV
We can finish now the proof of the theorem.

Theorem 3.7. Let (A, .#) be a Cohen—Macaulay local ring of dimension two such
that indeg(4) >t and e= (""'"") + 1. Then

depth(G) > 1.

Proof. For every n > 2 we have
M DJH 2T
and
WA )T ALY = pye.
Hence,
MMM + ™) < pay
and equality holds if and only if
M TMT.

Further we can find elements ay,,...,a,,, € A" such that their residue classes modulo
J A1+ " form a minimal system of generators of the module .#"/J. 4" + 4"
It is clear that we have

Yo S UMM 4 M) < Py
and if /ﬁl";(_.]ﬂ/ﬁ, then
Vp < Pp1- (11)
If n <1, by Proposition 2.2, we can be more precise, namely

Vn < Pp—t — Un—1.
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If we let
L :=(ains -, @y,n),
then I, C A" and
M =J M M,
Since
M2 =T M+ M+ L= M+ D,
we get
M=T M+ M+ B=JM+Th+ M+ L=Jh+ 1+ M
Going on in this way, we obtain for every r > 2
A= i./"flj v (12)
j=2

Now we recall that by Proposition 2.2 and the last assertion in Proposition 3.3, for
every j <t —2, we have

h ,
P/Z’Jj:e_( +J>9
J

et—(:ii) —t=e = ij ij Z b

j>0 j>t—1

>Z< (h—l-])) j;lpj—(l—l)e—(h+l ) j;lpf
:(t~1)e~(Zii>+(h+t ) ij

jzt=1
h+t
:et~<h 1+ Y g

jzt—1
It follows that
Z pi<s—t+ 1L
jzi=1

We distinguish two cases:
(i) p—1 = -+ =ps—; = 1. With this assumption the above inequality turns out to be
an equality and this implies

P =1;
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for every j <t —2 and
2 =0.

Further by Proposition 3.5, we have 1=v;=p,; for t —1 < j <5 — 1. By (10), this
gives a, =0 for every n < s, hence

————

b/ﬂs*_] Q%SH :st:.],/[s g'/%s-f-l
which implies
'/;[S-H =J'/%.Y

so that, by Proposition 3.5, depth(G) > 1.

(ii) There exists an integer j such that r — 1 < j < s — 1 and p; # 1. In this case,
since by Proposition 2.2 and 3.3 p,_1 > v,_; =1, the condition Zth_, pi<s—t+1
implies s > ¢+ 1 and p; =0 for some ¢ < j < s — 1. Thus, we may assume

Pi—tr--sPp—1 0, pp=0

witht < p<s—1. .
We also let k be the least integer n such that .#"+! CJ.#".
We remark that

———

,/ﬂtg_,],/ﬂl_l

otherwise by Proposition 2.2, .#°'CJ N .#'=J4#'"", which contradicts the equality
MM Ty =1
Further, since p, =0, .47 C.4 P! = J P, hence we have

t<k<p<s—1
By the true definition of k£ and (11), we have for every j=¢,....k
v < p-i (13)
and for every j <t —1
Vi < pi—y — Uj—1.

We refer now to Proposition 3.3. If #™'=J4#', then #'=J4° and
depth(G) > 0. Otherwise we can find an element w € .# such that /%! =J4/ +
(w/t1) for every j > ¢ — 1. By using (12), we get for every n=2,...,p— 1

——— n+l
WI,,Q.//{"H _ Z-]"+1_j1j +'//[n+]
j=2

and

—— P p
wl, C M P =gte = TP+ g CY I L
Jj=2 j=2
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By applying the above proposition with v=3"7_,v;, we can find an element ¢ €
JA°, such that for every i=1,...,v,
W a, = oa, mod A", (14)
On the other hand, since .#*t! CJ.#* = ZfzzJ"“‘flj + JA*, we can write
kY
whtl = Z Z myjai; + b,
j=2i=1
where m;; € J**'=/, be J#*. Using this and (14) we get
k \7 k vy
Wk =kl = Z Z myagw’ + bw’ = Z Z mi(ca; + c) + bw',
j=2i=1 j=2i=1
where c € "V, Since j < k, myc € STV M CIHF and bw' € JHTE, so that
ko
wtl =g Z Z mya; +q=a(w*™ —b)+q
i=2i=1
with g € J#***. Since o € J#*~! and w¥! — be H* | we get
wv+k+1 €JJ//V+k
which, by Proposition 3.3, implies

L%v+k+l :J‘%wkk'

We finally remark that by (13) and (11)

p t—1 k p
vhk=D k<D (pi —n-) Y (i~ D+ Y i +k
i=2 =2

i=t i=k+1
t—2 =2 h+l
SZpi—(k—t+l)+k—Zv,:e1—po+r—I—Z<e—< 1_ ))
i>1 i=1 i=1

B+t 2 (h+i
= el — —_ [ — — — —_
e <h+1)+s t—etlt+t—1-(t-2e+) ( l, )

i=1
h+t h+t—1
—e—<h+1)+s+< P )—l—s.

ﬂﬁ-l :J.//fs

Hence

and the conclusion follows by Proposition 3.5. (1
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We end the paper by giving suitable examples of Cohen—Macaulay local rings 4
such that e= ("*'~1) + 1 and indeg(4) > t.
Let

A=k, + 7,177,
B=k[[{,* + 7,17,
C — k[[tll, t12 + t13,[18, t19]].

Then we have

142z 4322 4+24

By =2
14224322 +2°
Fp(z) = T ;
143z 4 62% +2°
Pc(Z)Z .

1-z

In all these examples t=3 and G is not Cohen—Macaulay, so that 4 has maximal
Cohen—Macaulay type.

In the following class of examples 4 has maximal Cohen—Macaulay type and G is
Cohen—Macaulay.

Let t >3 and I CR :=k[[X,Y,Z,T]] be the ideal generated by the maximal minors
of the following ¢ x (¢ + 1) matrix, where if =3 we only consider the first, the second
and the last row:

X V4 0 0 0
Y X422 T 0 0
0 0 Y Z 0 0
0 0 0 Y Z 0 0
0 0 . . . ... 0Y Z 0
0 0 0 1* Z

If we let A=R/I then indeg(4)=t, h=2 and e= ("}') + 1.
The above computations have been carried over with the computer algebra program
CoCoA.

References

[1] S. Abhyankar, Local rings of high embedding dimension, Amer. J. Math. 89 (1967) 1073-1077.

[2] M.P. Cavaliere, M.E. Rossi, G. Valla, On short graded algebras, in: Proc. Commutative Algebra,
Salvador, 1988, Lecture Notes in Math., vol. 1430, Springer, Berlin, 1990, 21-31.

[3] 1. Elias, M.E. Rossi, G. Valla, On the coefficients of the Hilbert polynomial, J. Pure Appl. Algebra 108
(1996) 35—60.



M.E. Rossi, G. Valla! Journal of Pure and Applied Algebra 122 (1997) 293-311 3N

[4] J. Elias, G. Valla, Rigid Hilbert functions, J. Pure Appl. Algebra 71 (1991) 19-41.
[5]1 S. Huckaba, T. Marley, Hilbert coefficients and the depths of associated graded rings, J. London Math.
Soc., to appear.
[6] C. Huneke, Hilbert functions and symbolic powers, Michigan Math. J. 34 (1987) 293-318.
[7] L.J. Ratliff, D. Rush, Two notes on reductions of ideals, Indiana Univ. Math. J. 27 (1978) 929-934.
[8] M.E. Rossi, G. Valla, Multiplicity and ¢-isomultiple ideals, Nagoya Math. J. 110 (1988) 81—111.
[9] M.E. Rossi, G. Valla, A conjecture of J. Sally, Comm. Algebra 24 (1996) 4249-4261.
[10] J. Sally, On the associated graded ring of a local Cohen—Macaulay ring, J. Math. Kyoto Univ. 17 (1977)
19-21.
[11] 3. Sally, Super regular sequences, Pacific. J. Math. 84 (1979) 475-481.
[12] J. Sally, Cohen—Macaulay local ring of embedding dimension e+d —2, J. Algebra 83 (1983) 325-333.

[13] B. Singh, Effect of a permissible blowing-up on the local Hilbert function, Inv. Math. 26 (1974)
201-212.



